A New Extension of Horava-Lifshitz Gravity and 
Curing Pathologies of the Scalar Graviton 

Taeyoon Moonfl Phillial Ohfl and Mu-In Park'l 

" Center for Quantum Space-time, 
Sogang University, Seoul, 121-742, Korea 

^ Department of Physics and Institute of Basic Science, 
Sungkyunkwan University, Suwon 440-746 Korea 

^ The Institute of Basic Sciences, 
Kunsan National University, Kunsan, 573-701, Korea 



Abstract 

We consider an extension of the Hof ava-Lifshitz gravity with extra conformal sym- 
metry by introducing a scalar field with higher order curvature terms. Relaxing the 
exact local Weyl symmetry, we construct an action with three free parameters which 
breaks local anisotropic Weyl symmetry but still preserves residual global Weyl sym- 
metry. At low energies, it reduces to a Lorentz-violating scalar-tensor gravity. With 
a constant scalar field background and particular choices of the parameters, it re- 
duces to the Hor^ava-Lifshitz (HL) gravity, but any perturbation from these particular 
configurations produces some non-trivial extensions of HL gravity. The perturbation 
analysis of the new extended HL gravity in the Minkowski background shows that 
the pathological behaviors of scalar graviton, i.e., ghost or instability problem, and 
strong coupling problem do not emerge up to cubic order as well as quadratic order. 
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1 Introduction 



The renormalizability of Einstein gravity has been a long standing problem in quantum 
gravity. The power counting renormalizability of curvature- squared gravity was obtained by 
adding the most general, covariant, higher-derivative action containing only dimensionless 
couplings to the Einstein-Hilbert action with a cosmological constant term [1]. Rigorous 
renormalizability was established by using BRS invariance [2]. Also, conformal gravity with 
Weyl tensor was first considered by Bach [3] in 1921. Subsequently, it has been shown that 
this theory is renormalizable and asymptotic free [HE]. However, these curvature-squared 
gravities have the pathologies of ghost and unitarity problem. For example, conformal 
gravity have two ghost modes consisting of a massless vector and a massless runaway 
tensor. The four extra ghost degrees of freedom are due to the higher-derivative nature [6]. 

Recently, Hofava [7j proposed a renormalizable theory of quantum gravity which is 
known as Hofava-Lifshitz (HL) gravity. The basic idea is to abandon the Lorentz invariance 
and equal-footing treatments of space and time in UV. This theory is an Einstein gravity 
with a Lorentz violating parameter A which reduces to the usual Einstein gravity with 
A = 1 at low (IR) energies. It is power-counting renormalizable without ghosts for the 
usual transverse traceless graviton mode and contains 6th-order spatial derivatives. It is 
based on the detailed balance and the projectability which restrict the lapse function to be 
a function of time only, = N{t). 

The original HL gravity with the projectability is known to have a few serious problems. 
These are the existence of the extra degree of freedom of graviton [scalar graviton) and the 
strong coupling problem at the Einstein gravity limit, i.e., A — 1, in IR [8],[9]. As was 
shown in [10], the scalar graviton can be a ghost or leads to instability and moreover the 
couplings of cubic order terms blow up at the Einstein gravity limit (strong coupling) in 
the Minkowski background that makes the metric perturbation break down for the scalar 
graviton. The strong coupling might not be a problem but only means the necessity of 
non-perturbative analysis for the Einstein gravity limit. Actually, it was argued in [m[T2] 
that this strong coupling problem can be eliminated through a non-perturbative effect, like 
the Vainshtein mechanism in massive gravity |13j . 

There are two main alternative models of extended HL gravity. The first one was 
suggested by Sotiriou, Visser, and Weinfurtner (SVW) [H] and the other is the so called 
healthy extension of HL gravity by Bias, Pujolas, and Sibiryakov (BPS) [15]. SVW were 
motivated by the fact that HL gravity had a non-zero cosmological constant of the wrong 
sign to be incompatible with observation. To overcome the problem, firstly they have 
constructed the gravity model by abandoning the detailed balance condition and restoring 
parity invariance but with projectability. As pointed out in [HKlG], SVW approach has 
still the pathology of the scalar graviton. (For related issues in de Sitter background, 
see [IHITH].) 

On the other hand the motivation of BPS was to improve the IR behavior without de- 
tailed balance condition and projectability. To do so they first introduced a new 3-vector 
= diN/N and its higher derivative terms into the Lagrangian. Here, A^ became a dynam- 
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ical scalar field and at low energies, it reduced to a Lorentz-violating scalar-tensor gravity 
theory. This new model endowed the scalar graviton with a regular action. Consequently 
the pathology of scalar graviton, such as ghost or instability problem can be cured in BPS 
extension but it is known that this extension also could have strong coupling problem at the 
Einstein limit (A — )■ 1) in IR when one considers cubic order action [121120] • (See also [2T] 
for low- dimensional analogous.) However, it is also possible to avoid the strong coupling if 
higher- derivative terms in the action become important below the strong coupling energy 
scale [22l[23], by assigning hierarchy between the Planck scale and a new low energy scale. 

Recently, another extension of HL gravity was performed with a conformally invariant 
manner and the local anisotropic Weyl gravity was constructed [21]. It extends the original 
anisotropic Weyl invariance of HL gravity at UV to that of all energy scales using an 
extra scalar field which compensates the local scale transformation. The action is invariant 
under the local anisotropic transformations of the space and time metric components with 
an arbitrary value of the critical exponent z. It turns out that this theory coincides with the 
low-energy limit of the non-projectable HL gravity and it permits the extra scalar graviton 
mode which inherits the pathologies of the HL gravity. 

In this paper, we relax the exact local conformal invariance and consider anisotropic 
z = ?) Weyl gravity including the higher order derivative terms. It includes three param- 
eters which represents the breaking of the local Weyl invariance, but still preserves the 
global conformal invariance. When all of these parameters become 1, the theory has local 
invariance. With fixing the scalar field to a constant value and particular choices of the pa- 
rameters, the theory reduces to the HL gravity, but any perturbation from these particular 
configurations produces some non-trivial extensions of HL gravity. We study the behaviors 
of the scalar graviton in the perturbation analysis of this new extended HL gravity and 
show that, in the Minkowski background, the pathological behaviors of scalar graviton, i.e., 
ghost or instability problem, and strong coupling problem do not emerge up to cubic order 
as well as quadratic order. 



2 Anisotropic Weyl- invariant action with higher deriva- 
tives: New extended HL gravity 

In order to construct anisotropic Weyl-invariant action with higher derivative terms, let 
us first consider z = ?> anisotropic Weyl-invariant gravity 



Saw = j dtd'xN^ j-^ {B,jB'^ - \B^) +^^(^R- 8^^^) - V,{^)^ , (2.1) 

where k^, A are dimensionless constant parameters, R is the 3-curvature, and Bij is given 
by 

A,- = K,, - -^9iji^ - V.ipN'), (2.2) 
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with the extrinsic curvature Kij = —{gij — ViNj — VjNi)/2N (the dot (') denotes the 
derivative with respect to t). One can easily check that for 

K(v^) = i^V^^ (2.3) 

(with a constant coefficient u) the above action (12. ip is invariant under anisotropic Weyl 
transformation 

N^e'^N, N.^e^^N,, g^-^e^-g,^^ if^e-^^. (2.4) 

In these transformations, w is a function of space and time, u = uj{t, x). Note that assuming 
cu as a function of time only, i.e., a; = a;(t), is unnatural from the point of view of the above 
local transformations. This implies that the lapse function must be a function of space 
and time also, and this favors the non-projectable case in our construction. Later, we will 
consider breaking of the above local anisotropic Weyl invariance but keep only the global 
invariance so that the projectable case is still possible. However, even in this case we 
will consider only the non-projectable case in order to study whether the scalar graviton 
problem in the BPS extension [T9l[20] can be cured in our new construction. 

We also note that, for A = 1 and ip = ipo = const., the action (12. ip is reduced to 
(Lorentz-invariant) Einstein- Hilbert action with the following conditions [25]: 



2 8 12 2Ac^ v^l6^2A 
^ = 16^^' ^° = 16^' = = 16^' " = ^ ' (2-5) 

where Gjv is the gravitational constant, c is the speed of light, and A is the cosmological 
constant. However, we should point out that, for A 7^ 1 or (/?® 7^ c'^/IGtiGn, the action is not 
invariant under the full diffeomorpism {Dijf) but invariant under the foliation preserving 
D^ff■. 

5x' = -Cit,^), 5t = -f{t), 
Sgij = diC^gjk + djC^gik + C^dugij + fgij, 
6Ni = ^,CN, + C'^,N, + Cg^, + fN^ + fNi, 
SN = CdjN + fN + fN, 

dip = C'dk^ + f^- (2.6) 

Here it is important to note that this Diffexists for arbitrary spacetime-dependent A^, iVj, gij, (p. 
This implies that the equations of motion by varying A^, iVj, g^j, (p are all the "local" equa- 
tions as in the usual Lorentz invariant Einstein or scalar-tensor gravity. This is compatible 
with the local Weyl invariance (12.41) . So, there are two sources of the IR Lorentz violation: 
One comes from the parameter A 7^ 1 and another from any fluctuation of ip from the 
background ip^ = c^/WuGn- 

When we focus on the following Weyl invariant object: 

ihij — ihij -p u z ^gi'j n ^gij 

ip^ ip ip^ f 

= R^, + fij{V^), R = g'^Rij (2.7) 
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we can further extend Saw (12. ip to the power-counting renormahzable and local Weyl 
invariant action including the higher-derivative terms as 



Shaw = j dtd'xN^ {B,,B'^ - XB^) -V.iifi) + ip^R + (3,ip'R' + (32^\R,^f 

+(3sR^ + l3,R{R,^f + /3,R,,R^''Ri, + f3eV,R,kV'R^' + /37(V,i?)2|, (2.8) 

where /3i^7 are arbitrary constant parameters and ViRjk = ^iRjk — "^i/Rik — ^ikRji with 
= —2lp~^ (y^LpQij — ViV^^j — VjV9(5j-). Note that here one can always choose a gauge 
if = const as in (12.51) such that it reduces to the SVW action [H]. Then, the physical 
contents of the original SVW action, like as the scalar graviton problem, would be the 
same in this extended gravity also. So, there would be no fundamental advantage of this 
extension to resolve the scalar graviton problem of the original SVW approach. 

For this reason, we consider a new extended action with three deformation parameters 
(^1, ^2, ^3) which break, for ^1^3 7^ 1, the local anisotropic Weyl invariance but still preserve 
residual global Weyl invariance as follows: 

S = j dtd^xN^ |-| (^Bij&^ - \B^^ - VM + ^^R + Pi^^R" + /32^\Rijf 

+P3R^ + WRijf + I^^RijR'^'K + l^&ViRjkV'R'^ + H^iR? | , (2.9) 

where 

B^j = Ki,-^g,j{ir^-i2Vi^N'), (2.10) 

R,^ = R,j+i^f\,iy^), R = g''R,,. (2.11) 

Here, the parameter ^1 is associated with the breaking of local Weyl invariance along the 
time slice of the extrinsic curvature scalar. Whereas .^2 and ^3 are associated with the 
non-invariances along the spatial directions of the extrinsic curvature and 3-dimensional 
curvature scalar, respectively. Note that the local Weyl invariance is not completely broken, 
but there are some residual local symmetries left, depending on the parameters; for example, 
when ,^1 = 1, ,^2,3 7^ 1) the transformation function u can be an arbitrary function of time; 
for ^1 7^ 1, ,^2,3 = 1, can be an arbitrary function of space. 

It is important to note that, due to lack of local Weyl invariance, one can not choose 
the "gauge" ip = ipo = const always to reduce the theory to the HL gravity. This means 
that there is the additional, physical, scalar degree of freedom if. But, in the absence of 
the scalar fluctuation mode around the background ipo, this theory should be reduced to 
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the Einstein-Hilbert action in IR such that the conditions in (12 .Sp is to be satisfied agaii]0. 
More generally, we can also check that in the case of the parameters given by 



^0 

Pi 

/33 



K^yU^(Ai4/ - w) 

8(1 -3A) 
fi:/i|(l -4A) 



n 1/ 



V 



16 



K 



/34 



(Aiy -u;)(l -3A) 
5fi:2 ^ 3^2 



72(1 - 3A)A^ 
/^V(AvK-w)^ 

1/2 

, fi2 = 



1/2 



3A 



/35 



2Vr4 



21^4 



2(A,4/ - u) 
3«2 



1/2 



161^4' 



(2.12) 



the "background" action for the scalar field S{ipQ) can be reduced to the IR-modified HL 
action (without parity violation), 



Shl = I dtd-'x <| ^{K.jK'^ - XK 



K1-3A) 



R 



2,,2 a2 
W 



8(1 -3A) 



K 



2W^ 



^V(1-4A) 
32(1 -3A) 



R' 



9 2 



RijR'^ 



(2.13) 



where u is an arbitrary constant parameter which breaks the detailed balance softly in 
IR [7112S112S]. But, we stress that there is no symmetry which can gauge away the scalar 
fiuctuation mode generally, i.e., for arbitrary parameters ^1,^2,^3 the pathological scalar 
graviton problem may be different as one can see in the following sections. And this scalar 
mode carries the Lorentz violation effect even in IR, in addition to the IR Lorentz viola- 
tion parameter A in HL gravity; the action f l2.9p can be considered as a (power-counting) 
renormalizable, Lorentz-violating scalar-tensor theory. Note also that in the action f l2.9p 
we have 3 new parameters, ^i^^a compared to HL gravity, and the coefficient of the Cotton 
term —n'^CijC^^ /2W^ in (I2.13P is determined from specific values of /^s^y. 

3 Scalar graviton mode in the quadratic action 

In order to check explicitly the scalar graviton problem in the Minkowski background, we 
first consider the terms that contribute to the quadratic action for the linear perturbation 

as 



S= / dtd-'xNy^ 



+l3^V,R,uV'R"' + HV^R) 



(3.1) 



^ There exist some subtleties in the identification for A 7^ 1 [ZSj. But here we consider tlie A-deformed 
Einstein-Hilbert action 5aeh = {c^/IQttGn) J dtd^x^N[c-^{K^.jK'^ - \K^) + _ 2c-2A] following 
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Then we consider the following scalar perturbations of the metric and the matter field for 
the Minkowski background with A = [</?o = {c^ /IQtiGnY'^ , Vy{ipo) = 2Kc^/IQttGn = 0], 
up to the linear order (A = did^) 

N = l + <j), Ni = diB, g,^ = {l-2ij)5,, + 2^E, ^ = ^^ + (p. (3.2) 

Substitution of the above perturbations into the action (13.11) leads to the following quadratic 
action (by adopting the convention /t^ = 2) 

+8^iE^ + (1 - A) (stp - 6^1^ + AB~E 



^0 / V VoJ V^o 

AAtP - 8^3— I + /32V'o ( didj^p + S^.A^p - 2^3^^ - 2^35.,— 

-6/36 (ij - 2^s—) A^ U - 26—') - 16/37 U - 26—) L - 26—) j • (3.3) 

Varying the quadratic action with respect to and -B, we obtain the (local) Hamiltonian 
and momentum constraints (assuming regular boundary conditions)0 

^ - 26— = 0, (3.4) 

^-^U-2i,^\+AB^E = Q. (3.5) 

Note that the above action does not have the contributions for the higher derivative terms 
due to the Hamiltonian constraints fl3.4lM in contrast to the HL case, and nor the 6 
dependence. Note also that, for non- vanishing 6? the momentum constraint (13. 5p further 
reduces to 

Ifl^ (l_^\^ + AB-E = Q. (3.6) 



A V 6 



^This corresponds to varying the aetion with respect to Ai/) and AS, instead of (/) and B, with the 
appropriate integration by parts. 

•^For the usual tensor graviton modes, however, we have the same higher-derivative contributions as 
in HL gravity such that the (power-counting) renormaUzabiUty is not lost with our new extension. And 
even for the scalar graviton mode, it is generally expected that the renormalizability can be maintained 
again due to non-linear corrections: The cancelation of higher-derivative terms is peculiar to the linear 
perturbation but not generally true in higher-order perturbations. 
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By substituting (p and Ai? — E with ip, from the constraints (13. 4p and (13.61) with the 
appropriate integrations by parts, the above quadratic action becomes 

5(2) = 2 / dtd'x { -^^2 ^ IzAc^^/^^ \ , (3.7) 

where 



r2 



We note that, when ^3 — )> oo, we obtain the same result as in the HL gravity 

5g[ = 2 j rftrf^xj-^V^^-cVA^j, (3.9) 

with Ch^^ = (1 — A)/(3A — 1) if we ignore the higher-derivatives terms which were kept 
thereo In this case, it is known that scalar graviton if) has several pathological behaviors: 
■ip would be either unstable when < or be a ghost when > 0; moreover, there 
are strongly coupled interactions for chl — ?■ (A — )■ 1), i.e., the perturbation around the 
Minkowski background can not be defined in the Einstein gravity limit (A — )■ 1) \TU\. 
But in our case, we can cure the instability/ghost problem withj^l 

4 < (1< A), < ^3 < 1- (3.10) 

This situation may be compared with the BPS extension [T5l[T9] . where the non-projectable 
lapse function N{t, x) becomes a dynamical scalar field by adding the potential term V = 
?7VjA^VW/A^2+ (higher-derivative terms). In this case the resulting scalar graviton action 
in the quadratic order becomes 

5f],5 = 2 j dtd^x S^-^i;^ -"^^^c^i^A^Y (3-11) 

and the above problems of the instability/ghost can be also cured for c^j^^ < 0, < 77 < 2. 
But regarding the strong coupling problem which persists in the BPS extension still [I9H23], 
we can cure this problem also in our construction, as will be shown in the next section. 

We finally remark that for the special case of ^3 = ^1, the ip"^ term is disappearing even 
though the spatial derivatives term remains. This means that there is no dynamical scalar 
graviton at the quadratic order. 



''This would be clear in the action p.ip . where the matter perturbation if is decoupled from the gravity 
part in the ^3 — ^ 00 limit; if we consider first the ^3 — >■ 00 limit before implementing the Hamiltonian 



constraint p.4p . we can recover the higher-derivative terms also. 

■^The ghost can be also avoided with A < 1/3 but we do not consider this possibility here since the 
Einstein gravity with A = 1 can not be obtained. 
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4 Strong coupling in the cubic action 

We now turn to the cubic-order perturbation of the action to check whether the strong 
couphng problem can be resolved in our framework. Since the issue is about the non-linear 
perturbation at low energies (IR), it is enough to consider the action at IR limit: 

= J dt£xN^ {BijB'i - + ip^R - . (4.1) 

In order to study the cubic order interaction terms we consider the non-linear scalar per- 
turbations around the Minkowski background {y^{(pQ) = 0), without loss of generalit}o as 

follows [iniiisiiin] 

N = e\ Ni = d,B, gij = e-^^5,,, ip = ipo + 0. (4.2) 

Here we choose the E = Q gauge in the most general scalar perturbation (13.21) to simplify 
the computations. After some manipulations one can find the cubic-order action given by 

7 7 

+32(^^0(^aV + 2(/^^</.'aV + 2^^^ij^d^ij - 4^l(f)ijd^ij - %i^(^(t?/\^ + ^V^'A<^ 
—(f>iplipA(f — 7ipQ(fipA(p + 7ipQ(f)(fA(f + 21(/)q(^^A(^ -|- ip^ ipdi(pdiip — ipl(f>diipdiip 
-7ipl(pdi(pdii?j - 9(1 - 3\)'ipip^ - 2(1 - 3\)'tpipAB - 2(1 - 3A)^4M5 
-2(1 - X)ABdkiljdkB + i/jdidjBdidjB + AdidjBdiBdjifj - Xip{AB)^ - 3(1 - 3X)(pip^ 
-2(1 - 3X)(t)ijAB - (j)didjBdidjB + X(j){ABf - 4(1 - 3X)ipQ^ - G^itpip^ 
-3C,2'<pdi^diB - ^idiBdiip^ - E.2ABdiLpdiB - 3^i(j)tpip - C.i4>ABip - 3C,iiptp(p 
-i^ijABCp - 3ei(/^o V# - im^ABCp^) + 12(1 - 3X)^^^ {-2^,^2Vdi^diB 



^ One can transform these exponential-type perturbations to the other more general power-type pertur- 
bations like as TV = l-f ^ -f C2(t>'^ H , ffy = 1 - 2-0 -f daV'^ H by setting (/) = (f>^^'> + 0^2) ^ ^ ^, = 

^(1) + ^(2) + . . . and ^ = ^(1) + ^(2) + ■■■ , rp = -0(1) + -0(2) + . . . . 
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Using the first-order Hamiltonian and momentum constraints (13. 4p . (13. 5p (or (13. 6p ) obtained 
in the previous sectioiJll, the above action (14.31) reduces to 



dtd X 



-1 + 



2r^ 



^3 



^3 



^3 



1 i:diil)di 




djdj 
A 



2r^ 



6 



3-3^-1 

^3 el 



(4.4) 



Note again that when ,^3 — j- oo the above action can be reduced to the cubic action in the 
HL gravity as [T0l|19] 



^(3) 




(4.5) 



Now, in order to discuss the strong couphng problem we use the canonically normal- 
ized variable if) = Mpiip/\c^\ (by recovering = cMpi/l&nh = Mpi/2) such that the 
quadratic action (13. 7p becomes 



5(2) 



dtd-'x < tp^ + 



6 



3 „2 



c'\c^\'ijAij 



(4.6) 



Then, the cubic action (14. 4p becomes 



M, 



PI 



dtd^x 



5 


7 






3 




2|c^| 


U3 



c2|c^|3^(a,^/')' - 



'6 



6 



1 V'^i'^Si 



+ \Ctb\ 



A 



-2 



^3 



-1 



3-3 



(4.7) 



Note that all the terms but the first term scale as c^^ and so there is strong coupling for 
A — )■ 1 since — )• naively, from (13. 8p : All the cubic interaction terms that have the time 



^In order to compute the cubic-order interaction one only needs to consider the constraints for the 
perturbations of N and A'^; to the first order [30]. More generahy, for the n'th-order interactions, one only 
needs to consider the (71 — 2)'th order j31j . 
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derivatives of ip blow up in that limit. However in our construction, due to the presence 
of another coupling ^i, which would be running in principle, this strong coupling problem 
can be cured by the "fine tuning " in the limit of A — i- 1. If 

(6-e3)~(A-l)^ (s<-l/2), (4.8) 

then 



|c^l~^^^^~(A-l)^/^-^ (4.9) 



lei-e 



3 



and the troublesome interactions which scale as 

we 



can be made to be regular. The cubic action becomes finite as 



2 



for s = —1/2 or vanishing for s < —1/2. On the other hand, in this case, the quadratic 
action (14. 6 p becomes 



^(2) ~ / dt£x ip'^ (4.12) 



such that there is no ghost /instability problem either. Note that the condition (14. 8 p for the 
absence of strong coupling for A — )■ 1 is consistent with the condition f l3.10p for the absence 
of ghost /instability for A > 1; this is in contrast to BPS gravity case [21]. Moreover, for the 
special case of = ^3 in the action (14. 4p . all the cubic terms that have the time-derivatives 
of ip vanish and the above cubic action (14. 7p reduces to 

5(3) = J- I dtd'x { (-1 + I - I) c'\c^\'m^?] ■ (4.13) 

such that there is no strong coupling problem either, unless ^3 = 0. Note that in this case, 
the quadratic action (13. 7p did not have the time-derivative term either. 

Finally, we remark that the higher-derivatives terms which have been ignored in the 
cubic interaction can not change our conclusion. This is because they generate only the 
spatial derivatives of ipj^p, and E, not B. From the constraints (13.41) . (13. 5p (or (13. 6p ). only 
B is related to the time derivative of ip whose interactions reveal strong coupling as in the 
BPS case [19]. 
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5 Conclusion and discussion 



We have extended the HL gravity with extra conformal invariance by introducing an 
extra scalar field. In the case of the critical exponent z = 3, which breaks the equal-footing 
treatment of space and time in UV, power counting renormalizability can be achieved 
without the ghost problem for the transverse traceless graviton modes. Relaxing the exact 
Weyl symmetry, we considered an action with three new coupling parameters ^1,^2,^3 
which breaks the local anisotropic Weyl symmetry but still preserves residual global Weyl 
invariance. With a constant scalar field and ^3 — )■ 00 limit, it reduces to the HL gravity, but 
it generally have some more degrees of freedom to cure the pathologies of the scalar graviton. 
Actually, we have found that, in the perturbation around the Minkowski background, both 
the instability/ghost problem of scalar graviton at the quadratic order and the strong 
coupling problem at the cubic order can be cured by the appropriate fine tuning of the 
(running) couphngs as A — )■ 1+, < ^3 < 1, ^1 — ^3 ~ (A — l)** (s < —1/2). This implies 
that the scalar matter field (f, which drives the scalar graviton ip as in (13. 4p . (13. 5p (or (13. 6p ). 
regularizes the strongly-coupled cubic interactions and makes the scalar graviton healthy in 
the quadratic propagation as well. This is in contrast to BPS approach where only one new 
coupling 7] was relevant in IR and so the strong coupling problem and the instability/ghost 
problem can not be cured simultaneously, unless a new low energy scale below the Planck 
scale is introduced. 

For the projectable case, we can not use the Hamiltonian constraint (13. 4p anymore and 
the pure scalar graviton terms are the same as in the HL gravity. In other words, one has 
the same pathologies of scalar graviton as in the (projectable) HL gravity. 

Our new action reduces to Lorentz- violating scalar-tensor gravity theory at low energies. 
It is known that there is very strong constraints for the viable scalar-tensor theories [32]. It 
is left as an open problem whether this theory can be consistent with other observational 
and local gravity tests also. It is also challenging to check the closure of algebras from the 
full Hamiltonian analysiaj. 




^After the completion of this work, we became aware of the article [33] in which the full Hamiltonian 
analysis in the exact Weyl- invariant, BPS extension of HL gravity was performed. 
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